Abstract. In this paper we shall define the renormalization of the multiple q-zeta values (MqZV) which are special values of multiple q-zeta functions at positive integers or non-positive integers. This generalizes the work of Guo and Zhang [12] on Euler-Zagier multiple zeta values. We show that this renormalization process produce the same value if the multiple q-zeta values are well-defined originally and that these renormalizations of MqZV satisfy the q-stuffle relations.
1 Introduction and preliminaries
Multiple (q-)zeta functions
The Euler-Zagier multiple zeta functions are defined as nested generalizations of the Riemann zeta function:
ζ(s 1 , . . . , s d ) =
for complex variables s 1 , . . . , s d satisfying ℜ(s j + · · · + s d ) > d − j + 1 for all j = 1, . . . , d. In [26] we show by using generalized functions that this function can be analytically continued to C d as a meromorphic function with simple poles. The precise location of the poles are given in [3] as the following set:
For complex variables s 1 , . . . , s d satisfying ℜ(s j + · · · + s d ) > d − j + 1 for all j = 1, . . . , d, we defined in [27] the q-analog (0 < q < 1) of multiple zeta function of depth d as follows:
where for any real number r we set [r] = (1 − q r )/(1 − q). Note that when d = 1 this is the same as the q-analog of the Riemann zeta function defined in [18] . By using Euler-Maclaurin summations we obtained their meromorphic continuations to C d with following singularities (which are all simple):
Here the last part in S 
The Main Theorem of [27] Recently, Guo and his collaborators ( [10, 12] ) apply the Rota-Baxter algebra technique to the study of multiple zeta values (MZV) at integers and their q-analogues. In [12] the renormalization is carried out for the MZV and they show that when ζ(s 1 , . . . , s d ) is defined then the renormalization of it agrees with the value itself, provided that s i 's are all positive or all non-positive. Moreover, these renormalizations satisfy the stuffle (or quasi-shuffle) relations. The importance of this result is related to the conjecture [14] that to obtain all the relations among MZV of the same weight it suffices to use all the double shuffle relations including those of the renormalization of MZV at positive integers. In this paper we will consider the corresponding problem for the q-analogue of these values which we call multiple q-zeta values (MqZV). We need to point out that our ζ(s 1 , . . . , s d ) is denoted by ζ(s d , . . . , s 1 ) in [12] .
Analytic continuations: a brief review
The analytic continuation of multiple q-zeta functions ζ q (s 1 , . . . , s d ) can be realized by using EulerMaclaurin summation formula. First we define the shifting operators S j (1 ≤ j ≤ d) on the multiple zeta functions as follows:
We also write S = S d as the shifting operator on the last variable.
where R(q, s) can be bounded nicely with the property that lim q↑1 ζ q (s 1 , . . . , s d ) = ζ(s 1 , . . . , s d ) defined by (7) , which is understood as the analytic continuation of (1). The analytical continuation of multiple zeta functions [26] utilizes generalized functions. But Euler-Maclaurin summation can also be used instead. Recall that the Bernoulli polynomials B k (x) are defined by the generating function
LetB k (x) be the "periodic Bernoulli polynomial"
where {x} is the fractional part of x. Then we have ([25, Ch. IX, Misc. Ex. 12])
Note that the Bernoulli numbers satisfy B k = B k (1) if k ≥ 2 while B 0 = 1, B 1 = 1/2 and B 2 = 1/6. Now by [27, Theorem 3.2] we have
where we set (s) 0 = 1 and (s) −1 = 1/(s − 1). This provides an analytic continuation of ζ(s 1 , . . . ,
1.3 The Rota-Baxter algebra and the q-stuffle product According to [9] mixable shuffles arise from the study of Rota-Baxter algebras. Let k be a subring of C and let λ ∈ k be fixed. A Rota-Baxter k-algebra of weight λ (previously called a Baxter algebra) is a pair (R, P ) in which R is a k-algebra and P : R → R is a k-linear map, such that P (x)P (y) = P (xP (y)) + P (P (x)y) + λP (xy), ∀x, y ∈ R.
In this paper we are going to concentrate on the following two examples, both of which are contained in [12] . . Let P be the operator on R which takes the pole part. Then it's not hard to verify that (R, P ) is a Rota-Baxter k-algebra of weight −1. Example 1.3. Let H be a connected filtered Hopf algebra over k (see [12, §2.1] for the definition) and let (R, P ) be a commutative Rota-Baxter algebra of weight λ. Define the k-algebra R := Hom k (H, R) of linear maps from H to R with the product given by the convolution
where
In the rest of this section we will construct the Hopf algebra of Example 1.3. For fixed q we put
For any subset Z of C closed under addition and shifting by −1 we put
Define the q-stuffle product on the k-algebra
Then we can extend , toĀ Z = A Z ∪ {0} by setting Indeed, we only need to check S2. But
by S1. Recall from [12, §2.2] that we can define the algebra:
Then we may equip the q-stuffle product, which is the q-analog of the quasi-shuffle product * in [13, 12] , on H Z as follows:
Then we define 1 * a = a * 1 = a and recursively
where a 1 · b 1 is defined by (10) . It has a connected filtered Hopf algebra structure over k when the deconcatenation coproduct is defined by:
Notice that Hoffman first proposed to study similar objects in [13] . If we set s * s
2 Regularized multiple q-zeta values
As in the previous section let Z be a subset of C which is closed under addition and shifting by −1.
For s ∈ Z, r > 0, ℜ(ε) < 0, and x ∈ R we first define
Then for every vector
It is clear that Z q ( s r ; ε, x) is also given by the recursive definition for s = (
, . . . ,
where Q is the summation operator (denoted by P in [10, 28] )
In Theorem 2.3 we will see that we can replace R 1 in the above by
These values are called the regularized multiple q-zeta values (at Z).
Because of the assumption ℜ(ε) < 0 we see that Z q ( s r ; ε) is well-defined for all s and r. In particular we don't need to restrict to a MZV-algebra as constructed in [10, §3.2] by Ebrahimi-Fard and Guo. Moreover, when q ↑ 1 we recover the definition of regularized general MZV defined in [12] .
Regularized q-Riemann zeta values
We will first put Z = Z. To study these regularized values we set, similar to [18] ,
Then taking derivatives of F with respect to x we get
When s = 0 and k = 1 we have
Moreover
Note that for all 0 < q < 1 and
This last equation readily follows from the analytic continuation of ζ q (s) given by [18, (12) ].
To determine the regularized normalization for ζ q (s; ε) for positive s we begin with the case s = 1. First we have
Now for any real number a > 0 we have by integration by parts
where γ ≈ 0.577216 is the Euler's γ constant. Here we have used the fact that (see [3] or [2] )
Further, we have
where we set
As a comparison we take a look at the behavior of ζ q (s) near s = 1. It is clear that
Then from formula [27, (12) ] we have, near s = 1
Taking q ↑ 1 we should have near s = 1
Indeed, by applications of Euler-Maclaurin summation formula ( [19, p. 531] or [25, 7.21] or [24] ), for all integers n, l ≥ 1:
Since B 2 = 1/6, taking k = 1 and using integration by parts once we get
Now we can prove the following result:
The regularized value of Z q (
Proof. Equation (23) follows from (19) by taking derivatives because (24) follows from (19) and (20) by integration and Abel's Theorem because d dε Z q (1; ε) = Z q (0; ε). The rest follows immediately.
The range of regularized MqZV
We now turn to the general MqZV. Although the proof of the following theorem is similar to the proof of [12, Theorem 3.3] some new phenomenon appears because of the shifting principle for MqZV.
Theorem 2.3. (1)For any
Proof.
(1) The key is the following computation of the tail of the ζ q (−s; ε) for s ∈ Z >0 . First define
Therefore for s ∈ Z >0 we have
Now we first prove (1) 
by (1). Integrating we get Z( (26) we point out the following fact which will be used later. When s i ≤ 0 for all i then we may start with i = d in (26) and use induction to prove that every coefficient of the Lauren series of Z q ( s, r; ε) is a rational function of the form P ( r)/Q( r), where P , Q have no common factors, and Q is of this form r
where the second line is vacuous if k = 1, and
Putting d = 0 in the above corollary we get Corollary 2.7. With the same notation as in the above corollary we have 
Renormalization of MqZV
Let T = − ln(−ε). Theorem 2.3 shows that there is an algebra homomorphism
which restricts to an algebra homomorphism n=−N a n ε n and letP
Here Π d is the set of sequences
When d = 2, renormalizing using Prop. 3.4 and the proof of Thm. 2.3, we have
r1,r2
Remark 3.6. In the above proposition if we take q ↑ 1 then we recover [12, Prop. 4.16] .
where, for s = (s 1 , · · · , s d ) and δ ∈ R >0 , we write
We will show that the limit (29) exists for s ∈ (Z >0 ) d in Theorem 3.12, for s ∈ (Z ≤0 ) d in Theorem 3.14. First we consider case of Riemann q-zeta function. By Theorem 2.2 we have Theorem 3.8. Let γ be Euler's gamma constant and define M (q) by (21) . Then
and, for integers s > 1,ζ q (s) is the usual Riemann q-zeta value ζ q (s) defined by the series (3). If s = −l is a non-positive integer then
Proof. The expression of ζ q (−m) is given by [18, (60) ]. The rest are clear.
Our primary goal is to show two things: first, our definition of renormalizations of MqZV satisfies the q-stuffle relation; second, these values agree with the usual MqZV whenever the usual values are defined. Proof. It follows readily from the uniform convergence property. Proof. The proof is similar to that of [12, Lemma 4.5] . Notice that the terms produced by shifting will produce polynomials of degree less than that of the leading term.
Similarly we have Proof. In view of Theorem 3.9 we only need to consider the case s d = 1. Then the above two lemmas complete the proof. and therefore the valuesζ q ( s) satisfy the q-stuffle relations.
Proof. This follows from Remark 2.4, Definition 3.2 and 3.7.
The proof of the next result is very complicated even though the idea is exactly the same as that of [12, Theorem 4.14] . Proof. Like in the proof of [12, Theorem 4.14] the key idea is to treat the clusters of 0's in s by using symmetric permutations. We need to replace [12, Prop. 4.9(2) ] by Cor. 2.8 (essentially only Cor. 2.5 is really needed). We also need to replace [12, Prop. 2.3] by the q-stuffle relation version which will produce some extra terms by the shifting principle. But these extra terms have smaller clusters of 0's and therefore they are negligible by the induction process. The rest are left to the interested reader.
To conclude our paper we observe that a multiple q-zeta function has more singularities than its classical counterpart. We don't know how to deal with these at present.
